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These notes are currently in progress and will be repeatedly updated before the exam.

1 The bandit problem

Many applications require a sequence of decisions whose outcomes are initially uncertain. A
news recommender selects an article and observes whether the user clicks [4]; an advertising
system chooses an advertisement and observes the user’s response [1]. In a clinical trial, a
patient receives one treatment, and only the outcome of that treatment is observed for that
patient [5]. In agricultural field trials, a farmer tests a crop-management practice on a plot
and observes its performance under the growing conditions of that trial [2].

These examples share a central difficulty: a decision determines both the reward obtained
and the information available for future decisions. The learner observes the outcome of
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the selected action, but not what would have happened under another choice in the same
situation. Choosing an action can therefore serve two purposes: obtaining a good outcome
now and learning how to make better choices later.

The multi-armed bandit problem isolates this interaction between learning and decision
making. An arm is an available action, such as an article, treatment, or crop-management
practice. The objective is to collect a large cumulative reward while learning from the
outcomes of the selected arms. We first allow rewards to vary arbitrarily over time, then
study the simpler stochastic model, where each arm has a fixed reward distribution. The
applications above motivate this basic model; personalization, delayed outcomes, and risk
considerations can require extensions beyond this introductory course.

These notes are largely inspired by Bandit Algorithms by Lattimore and Szepesvéri [3]. For
further details, see its Chapters 1 and 4 for the bandit framework, Chapter 2 for probability,
Chapter 5 for concentration inequalities, and Chapter 6 for explore then commit. More
specific reading pointers are provided where these tools are introduced.

1.1 Actions, rewards, and feedback

There are K > 2 arms, represented by an arm set A = {1,..., K}, and T > 1 rounds. The
number T' is the horizon. At each round ¢, the interaction is as follows:

1. The environment assigns a reward vector 74 = (141, ..., k) € [0,1]%, hidden from the
learner.

2. The learner selects an arm A; € A.

3. The learner receives and observes Y; = 1y 4,.

The other coordinates of r; remain unobserved: this is the bandit feedback. Under full-
information feedback, the entire vector r; would instead be revealed after the action is selected.
In either case, the current rewards are unknown when making the decision.

The learner bases its decision on the observed history
Hi oy = (A1, Y1, .., A1, Vi)

and may also use internal randomness, for example to explore an arm at random or to break
a tie. A policy specifies a distribution (- | H;—1) over the next arm for each possible history.
It can use past observations, but cannot use unobserved rewards or future information. A
deterministic policy is a special case that assigns probability one to a single arm for every
history.

Rewards and losses. We maximize rewards throughout these notes. Equivalently, one can
minimize losses ¢;; = 1 — r;;. The corresponding regret is the same. Fixing one convention
avoids reversing inequalities when comparing algorithms.

1.2 The adversarial model and the regret metric

In the adversarial model, rewards need not follow a fixed distribution. They can vary
arbitrarily from round to round. For our initial definitions, assume that the entire reward
table (7 ;)1<t<T, 1<i<k is fixed before interaction begins. Such an adversary is called oblivious.
The learner does not know this table.

More generally, a non-anticipating adaptive adversary may use the past interaction to choose
r¢, but cannot see the learner’s current private random draw before choosing that vector. In
these notes we keep only consider the oblivious model for simplicity.
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To measure performance, we must choose a comparator. A comparator that picks the best
arm separately at every round can exploit knowledge of that round’s hidden rewards. For
arbitrary reward sequences, a learner cannot generally match such a comparator. We instead
compare with the best fized arm in hindsight: the single arm with the largest total reward
over all T rounds.

Definition 1 (Adversarial regret). For a reward table and a realized sequence of actions, the

regret is
T

T
RT:maXZTt,i_Zrt,At‘ (1.1)
€A =1

For a fixed reward table, the expected regret is R = E[ﬁT], where the expectation is over
the learner’s randomization.

The comparator selects one arm and uses it throughout all T' rounds. It knows the table
when selecting that arm; the learner must make decisions sequentially. The realized regret
can be negative: a learner that switches arms may outperform every fixed arm.

We seek guarantees that hold for every admissible reward table. For fixed K, a no-regret
guarantee bounds the worst-case expected regret by a function g(7') = o(T'). Equivalently,
for every reward table,

1 & 1< g(T)
Bl > max — S ry, — L2
[T 2 ”’At] A T&" T

Thus the learner’s expected reward per round is at least the best fixed arm’s average reward,
minus an error that tends to zero. The learner may also do better than that arm. A regret
bound proportional to T does not give a vanishing error per round.

1.3 Stochastic model

In a stationary stochastic bandit, each arm ¢ has an unknown reward distribution v; supported
on [0, 1]. Every pull of that arm produces a new independent sample from v;. The distributions
remain unchanged over time.

A useful construction assigns an infinite sequence of potential observations to each arm:
iid
Xin, Xio, ... ~ v
We take these sequences to be independent across arms as well. The nth pull of arm ¢ reveals
Xin, whether that pull occurs early or late. Define

Ni(t) = zt: 1{A, =i},  N;(0)=0.
s=1

Then YV; = X4, N 4, () Because actions depend on earlier rewards, the observed rewards
Y1, ..., Yr generally do not form an iid sample from a single distribution. Define the expected
reward of arm i by p; = E[X;1]. Conditional on the past history and the selected arm, the
next reward is an independent draw from that arm’s distribution, so

E[}/t | Ht—laAt] = KA, (12)
We further define
@ = max ;, a* € arg max [i;.
i€ A icA

An optimal arm maximizes the expected reward, rather than the reward of any particular
draw. Several arms may be optimal, and a* denotes one of them.
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Definition 2 (Gaps and stochastic pseudo-regret). The suboptimality gap of arm i is
A; = ¥ — p;. The expected stochastic pseudo-regret is

Rr :T,u*—Elth]. (1.3)
t=1

We will simply call Ry the stochastic regret.

Proposition 1 (Regret decomposition). For any policy in the stochastic model,
T K
Ry = Elz AAt] =Y AE[N(T)]. (1.4)
t=1 i=1

Proof. By Equation (1.2) and the law of total expectation,
E[Y)] = E[E[Y; | Hi-1, Ad]] = Epa,]-
Linearity of expectation then gives
T T T
Ry =) (0 —E[Y)]) = ElZ(u* - uAt)] = Elz AAt] :
t=1 t=1 t=1

Finally, group the terms according to the selected arm:

T K T K
DTAA =D AD A =i} => AN(T).
t=1 =1 t=1 =1

Taking expectations and using linearity once more proves the second equality in Equation (1.4).
O
Probability toolkit

The exam will assume familiarity with the following rules and with elementary conditional
probability and independence. For the proof above, the key tools are:

1. Linearity of expectation. For integrable random variables Z1, ..., Z, and constants

Cly.--,Cn,

E

n n
ZC]'Z]' = ZC]E[Z]]
=1 j=1

Independence is not required. In particular, a finite sum can be moved inside or outside
an expectation even when the actions are adaptive.

2. Total expectation (tower property). Averaging a conditional expectation gives
the original expectation:
E[E[Z | W]] = E[Z].

Here W = (H;_1, A): first average the reward for a fixed history and chosen arm,
then average over histories and arm choices.

3. Indicators and counting. For an event B, E[1{B}] = P(B). Thus

T
E[N,(T)] = Y P(4; = i).
t=1

Counts such as N;(T') are random; linearity still applies to them.
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Probability toolkit (continued)

Also review the union bound and the distinction between linearity and factorization:
E[ZW] = E[Z]E[W] holds for independent integrable variables, but not for arbitrary
dependent variables.

Reading. Chapter 2 of Lattimore and Szepesvéri [3] reviews important probability tools
for bandits. Section 4.5 gives the bandit regret decomposition. Focus on applying these
identities to finite sums and conditional expectations.

Returning to the bandit problem, Proposition 1 shows that each arm contributes its gap
multiplied by its expected number of pulls. Every pull of a suboptimal arm therefore costs
its gap in expectation. Pulling an optimal arm contributes zero pseudo-regret, even if its
observed reward happens to be small.

Example 1 (Two Bernoulli arms). Suppose v; = Bernoulli(3/4) and v = Bernoulli(1/4).
Arm 1 is optimal, and Ay = 1/2. Therefore Ry = 3E[N,(T))]. The goal is to collect just
enough evidence to discard arm 2 and mostly play arm 1, it is not necessary to estimate p;
and ps with arbitrary accuracy.

What simplifies in the stochastic model? There are fixed means to estimate, at
least one fixed optimal arm in expectation, and independent observations from each arm’s
unchanged distribution. Concentration inequalities can therefore turn samples into reliable
comparisons between arms. The decomposition in Equation (1.4) reduces the analysis to
counting suboptimal pulls. Under adversarial rewards, an arm’s past average need not predict
its future rewards, and there is no corresponding fixed mean gap.

Remark 1 (Two different comparators). The stochastic benchmark T'u* is the reward of the
best fixed arm in expectation. It differs from the expected reward of the arm that happens to
be best on a realized random reward table. Indeed,

T T
E [max Z Tt,i] > max E lz rtﬂ-] =Tu".
o= ! t=1

Thus Equations (1.1) and (1.3) should not be identified by simply declaring the adversarial
table random. To be precise, let By := E[Rr] — Rr. For independent rewards in [0, 1], the
exponential-moment bound in Lemma 1 yields

|Tlog K E[R7] —
0< Br< 02g , [RT; RTHO as T — oo.

Therefore, the cumulative quantities need not approach one another. However, By does not
determine whether a policy is no regret or not, as it is always sublinear. Note that the above
bound cannot be improved in general, even in cases where all arms are equal. For instance, it
is tight with K independent Bernoulli(1/2) arms, while Ry = 0 for every policy. Choosing
the best arm after seeing the realized table rewards favorable random fluctuations. From now
on, our stochastic results concern Ry.

2 The failure of greedy and need for exploration

If reward averages are unknown, a natural idea is to estimate them and always choose the
arm that currently looks best. The difficulty is that an arm which is not selected supplies no
new observations. A mistaken estimate can prevent its own correction.
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2.1 Definition of greedy and proof of failure

For each arm, let
1 n
,ai,n = - Z Xi,s
n s=1

denote its average after n pulls. At a time ¢t when N;(t) > 0, write fi;(t) = fi; n,(;)- Under
arbitrary reward sequences, the same empirical average is defined directly from the rewards
observed on the rounds when the arm was selected.

Definition 3 (Greedy policy). Assuming 7' > K, first pull each arm once, in the order
1,..., K. At every subsequent round choose
A; € argmax [i;(t — 1), (2.1)
€A
using a rule specified in advance to resolve ties, for example selecting the smallest index or
choosing a maximizer uniformly at random.

Initialization makes the averages well defined. It does not ensure that those averages are
accurate. After initialization, this policy has no explicit mechanism for revisiting an arm
whose estimate is too pessimistic.

This problem can occur even when the reward distributions are stationary. Return to the
Bernoulli instance of Example 1, with means p; = 3/4 and p2 = 1/4. An unlucky initialization
can make the optimal arm look worse than the suboptimal one. The question is whether
greedy will ever collect the observations needed to correct that initial mistake.

Proposition 2 (Greedy can have linear stochastic regret). On the preceding Bernoulli
instance, Greedy satisfies

T-1
Ry > ——, T>2. 2.2
et > 22
Proof. Consider the event that the initial pull of the optimal arm returns 0 and the initial
pull of the suboptimal arm returns 1:

3 1 1
E={X11=0, Xo1=1 PE)=(1—=) -—=—.

On E, the empirical means after initialization are fi1(2) = 0 and fi2(2) = 1, so greedy selects
arm 2 next. As long as arm 1 is not pulled again, its empirical mean stays at 0. However,
after any number n > 1 of pulls of arm 2, it holds that

N 1 & 1
Eéﬂ?,n:EZXQ,sZE>O-

s=1
Therefore, greedy selects arm 2 at every round after initialization, regardless of its later
rewards. Consequently, No(T) =T —1 on E. On other outcomes the count is nonnegative, so

T-1
E[Ny(T)] > E[N2(T)1{E}| = (T — )P(E) = =
Arm 1 has gap zero and arm 2 has gap Ay = 1/2. Applying Proposition 1 gives
1 T-1
= —E[Ny(T)] > ——. 0
Ry = SEINA(T)) 2 —

An unlucky start can therefore cause a permanent mistake. Stationarity makes an arm’s
samples informative about its mean, but it does not help an algorithm that stops sampling
that arm. The lower bound averages over all initial outcomes: a trapping event of fixed
positive probability is enough to produce linear expected regret.
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Exploration and exploitation. The failure of greedy illustrates the central challenge of
bandit problems: the exploration—exploitation tradeoff. Ezploitation means choosing
the arm that currently appears best to earn reward now. FEzploration means gathering
information to improve future choices, even if this requires pulling an arm that currently
appears worse. In the example above, sampling arm 1 again could correct the initial mistake,
but greedy never gives it another chance. Exploration may cost reward in the short term,
while insufficient exploration can make the learner repeat a mistake for the rest of the horizon.
Continuing to test clearly inferior arms, however, also incurs unnecessary regret. A good
bandit algorithm must balance the immediate cost of acquiring information against the future
regret that this information can prevent.

2.2 Full information doesn’t rescue greedy

The example introduced above exploits the absence of new observations from the arm that
greedy abandons. Would greedy work if we could observe the rewards of all arms after every
round? In the adversarial setting, the answer is negative.

Under full-information feedback, the greedy policy is more commonly known as Follow-the-
Leader (FTL): select the arm with the largest cumulative reward so far. Choose arm 1 in the
first round, when there are no past observations, and for £ > 2 select

t—1

A; € argmax erﬂ-.
iE{l,...,K} s=1

Consider the following reward table, fixed before interaction begins:

Round ¢ 1

Arm 1 reward 1/2
Arm 2 reward 1

FTL choice 1
FTL reward 1/2

ON | O =N
S = | = O W
OO = |
S = | = O | Ot
O[O~ | D

This reward design ensures that, at each round, the wrong arm is selected! The cumulative
reward of FTL remains stuck at 1/2 forever. Meanwhile, committing to either arm guarantees
at least % cumulative reward. It follows that

T-1
2
Therefore, even in full information, trading off exploration and exploitation remain essential

in the adversarial model. At a high level, some stability in the policy played by the learner is
necessary for good performance.

R%dv >

Remark 2 (Two reasons for greedy failure). In the stochastic example, greedy fails to collect
the information needed to correct its estimates. In the full-information adversarial example,
it observes every past reward, but the past leader is a poor guide to the next round. These
are different difficulties: collecting more data helps estimate fixed means, but arbitrary future
rewards need not resemble past rewards.

3 Concentration of empirical means

Suppose we collect n independent observations Xy, ..., X, from an arm with mean u, and
form fi, = n~1 -7 ; X. The law of large numbers gives convergence as n — oo. For a bandit
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algorithm, we need a finite-sample statement: how many observations make an error of size ¢
sufficiently unlikely? The exponential bounds below answer that question. All logarithms in
these notes are natural.

3.1 The Chernoff bound: exponential moments control tails

For a random variable Z, its moment-generating function is Mz()\) = E[e}?], wherever the
expectation is finite. Positive values of A emphasize large positive values of Z.

Proposition 3 (Markov’s inequality). If W > 0 and a > 0, then P(W > a) < E[ZV].
Proof. The pointwise inequality W > a1{W > a} gives
E[W] > aE[I{W > a}] = aP(W > a).
Divide by a > 0. O
Theorem 1 (Chernoff bound). For any random variable Z and any real x,
B(Z>2) < inf {e B[]} (3.1)

Values of \ giving an infinite expectation supply no useful bound. Applying the same statement
to —Z gives a lower-tail bound.

Proof. Fix A > 0. Since the exponential function is increasing,
P(Z > x) = P(e*? > ) < e ME[e??],

where the inequality is Proposition 3 applied to the nonnegative variable e*?. Taking the
infimum over A > 0 gives Equation (3.1). For the lower tail, apply the same argument to
—Z. O

The Chernoff method consists of bounding the exponential moment and selecting the most

favorable value of A. For independent variables, the exponential moment of a sum factorizes.
Specifically, with S,, = >0, (Xs — E[X{]),

s=1
E[e*Sn] — E[H eA(Xs—lE[XS})] — J[ X -BXD),
s=1 s=1
Substituting into Theorem 1, for u > 0 we obtain
>u) < i — Y AX—E[Xs]) ] '
P(S, > u) < )1\1;% exp( Au + ;ng[e ] (3.2)

Different assumptions on the observations lead to different bounds on these logarithmic
exponential moments. For this session, boundedness is sufficient.
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3.2 From bounded observations to Hoeffding's inequality

Lemma 1 (Hoeffding’s lemma). If X € [a,b] almost surely, then for every A € R,

B[ XEXD] < oxp (W) _ (3.3)

Proof. If a = b, then X is constant and the claim is immediate. Assume a < b, and rescale to
U=(X—-a)/(b—a)€[0,1]. Write p=E[U] and s = A(b — a). Convexity of the exponential
gives, for every u € [0,1] and s € R,

et < (1 —u)e® + ue’.

Apply this pointwise inequality to the random variable U. Since p = E[U] and s is a fixed
real number, taking expectations gives

E[eV] <E[l — U + Ue®]

=1—-E[U] + ¢’E[U]

=1—p+ pe’.
Here the inequality is preserved by expectation, and the equalities use linearity of expectation.
No assumption that U is Bernoulli is needed. Finally, X —E[X] = (b—a)(U — p), so centering
gives

E[BA(X—E[X])] _ ]E[es(U—p)] _ e_SpE[€SU] < e—sp(l —p _|_pes).

It remains to bound the logarithm of the right-hand side. Define
S

s pe
h(s) =log(1 —p+pe’) —ps,  q(s) = T ptpes

Direct differentiation gives h(0) = A/(0) = 0 and

W(s)=aq(s)—p,  B'(s) =a(s)(L—q(s)) <

A

since ¢(s) € [0,1]. By Taylor’s theorem, for some £ between 0 and s,

The same argument holds for negative s; at s = 0 the bound is immediate. Exponentiating
and using s = A\(b — a) proves the lemma. O

Hoeffding’s lemma supplies the exponential-moment bound needed by the Chernoff method.
Combining Theorem 1 and Lemma 1 therefore gives the following corollary. The bound
depends only on the ranges of the independent observations; they need not have identical
distributions.

Corollary 1 (Hoeffding’s inequality). Let Xi,..., X, be independent with X € [as, bs]
almost surely and as < bs. For u > 0,

n w2
P(Z(Xs - E[Xs]) > u) < exp <_ n (263 — as)g) . (34)

s=1 s=1
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The same bound holds for the lower tail. In particular, if the observations lie in [0,1] and all
have mean p, then for e >0,

P(fin — p > €) < e 2, 3.5
P(fin — p < —e) < e, (3.6)
P(lfin — | > ) < 27 (3.7)
Proof. Let S, = 3" | (Xs—E[X]) and V = 37, (bs —as)? > 0. Independence and Lemma 1

give

n n
E[eASn] _ H E[eA(XS—E[XS])] < H e)\Q(bs—as)Z/S — €>\2V/8-
s=1 s=1

By Theorem 1, for every A > 0,

2
P(S,, > u) < exp (—)\u + )\8V> .

The exponent is minimized at A = 4u/V. Substitution gives

N+ A2V Ay? i 2u? 2u?
— AU _— = ——— —_— — = ———
8 vV v v

proving Equation (3.4). Applying the same argument to —X,, whose range has the same
length, gives the lower-tail bound.

For [0, 1] observations of common mean px, take V' = n and u = ne to obtain Equations (3.5)
and (3.6). Finally, the event |fi, — 1| > € is the union of its upper- and lower-tail events. The
union bound P(B U C) < P(B) + P(C) gives Equation (3.7). O

The important feature is exponential decay in ne?. To divide the typical error scale by two,
we need about four times as many observations. Increasing confidence has a logarithmic
sample cost.

3.3 Confidence intervals and sample requirements

For a failure probability § € (0, 1), define

b (6) = log;i/‘s) (3.8)

With probability at least 1 — 0, the interval [fi,, — b, (9), fin, + bp(0)] contains p. One can
intersect this interval with [0, 1] without losing coverage. Equivalently, the sufficient sample
size for accuracy € > 0 and failure probability at most ¢ is

n > P"g@/‘w . (3.9)

2e2

Indeed, substituting b,(d) into Equation (3.7) gives

P(|fin — | > bn(0)) < 2720 = 5.

This proves the confidence-interval guarantee. Requiring b, (0) < e and solving for the integer
n gives Equation (3.9).

10
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For example, accuracy 0.1 with confidence 95% is guaranteed by n = 185 bounded observations.
This is a sufficient distribution-free guarantee, not an exact requirement for every distribution.

If we collect a fized number m of samples from each of K arms, a union bound gives the
simultaneous statement

log(2K
(,4 i — 1l < <m/6>) 2106 .10

To verify this, put b = \/log(2K/§)/(2m), the radius obtained by using failure probability
d/K for each arm. Then

K K
. ~ . 1)
P(Ei € A i — il > b) < Y P(fim — il >b) <Y 7 =36,
i=1 i=1

The union bound does not require independence between the different arm estimates; inde-
pendence of the samples within each estimate is sufficient here. Thus enough samples make
all arm estimates accurate at once, even though we cannot check their errors directly because
the means are unknown.

3.4 Comparing two arms

For selecting an arm, we need to control a wrong ranking rather than estimate every mean to
an arbitrary precision.

Corollary 2 (Probability of reversing an arm comparison). Take m independent samples
from each of two arms with means p. > p; and gap A; = py — p;. If the samples lie in [0, 1]
and are independent across arms, then

~ ~ _ 2
P(flim > flem) < €5 (3.11)

Proof. Define
S=) Xis— > Xus E[S] = —mA,.
s=1 s=1

This is a sum of 2m independent variables: the m observations X; s € [0,1] and the m signed
observations —X, ; € [—1,0]. Each range has length one, so the sum of squared range lengths
is 2m. By Corollary 1,

O

An alternative is to control the two estimation errors separately. A wrong ranking implies
that at least one of

ﬁi,m — Wi = Az/27 My — ﬁ*,m > AZ/Q

occurs. A union bound and the two one-sided Hoeffding bounds therefore give 2e
which is slightly weaker. Either route captures the same essential sample scale: A} 2log(1/6)
observations per arm make a wrong comparison unlikely. Arms with close means are harder
to distinguish.

—mA?/2’

11
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Remark 3 (Fixed sample sizes and adaptive sampling). The preceding bounds concern a
fixed sample size. They do not automatically remain valid after replacing n by a random
count N;(t) that depends on the observed rewards. Such uses require an additional argument,
for example a union bound over possible counts. Our next algorithm uses a deterministic
exploration budget, so this issue does not arise in its arm comparisons.

4 Explore then commit

Greedy can stop collecting information too early. The simplest repair is to reserve a fixed
initial period for exploration, and exploit only after every arm has received a prescribed
number of samples. This is explore then commit (ETC).

Throughout this section we assume independent stochastic rewards in [0, 1], 7' > K, and an
integer exploration budget 1 < m < |T/K |. The parameter m counts samples per arm; the
exploration phase therefore lasts K'm rounds.

4.1 The algorithm

Algorithm 4.1 Explore then commit with m samples per arm
Input: Arms A= {1,..., K}, horizon T, budget 1 <m < |T/K |
1: for s=1,...,m do

2: fori=1,...,K do

3: Pull arm ¢ and record its reward X; .

4: end for

5: end for

6: Compute fi; , = m-tym X s for every arm.

7: Select @ € arg max; fi; , using a fixed tie-breaking rule.
8 fort=Km+1,...,T do

9: Pull arm a.

10: end for

After exploration, the selected arm is fixed. Additional rewards during commitment do not
change the decision. If Km = T, there is no commitment phase. For T' < K, one can simply
explore for the available rounds; there is not enough time to sample every arm even once.

4.2 Exploration cost and commitment cost

The regret decomposition separates the two phases exactly:

K
Rp= mY A; +(T—Km) Y AP@=i. (4.1)
=1 1:A;>0
exploration cost commitment cost

Each arm is pulled exactly m times during exploration. During commitment, the entire
remaining horizon is spent on one selected arm. An error at that point can therefore be
expensive.

If a suboptimal arm is selected, its empirical mean must be at least that of the fixed optimal
arm a*. The comparison guarantee in Corollary 2 controls the probability of this event.

12
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Theorem 2 (Regret bound for ETC with bounded rewards). For any stochastic bandit with
independent rewards in [0,1] and any integer 1 < m < |T/K |, ETC satisfies

K
Rr<mY A+ (T—Km) Y A ™A (4.2)
1=1 :A;>0

In addition, the probability of committing to any suboptimal arm is at most

P(A;>0) <mind1, Y e ™A, (4.3)
:A; >0

Proof. Fix an optimal arm a*, so g+ = p*. The idea is to count the cost of exploration
exactly, then bound the probability that the arm selected for commitment is suboptimal.

Step 1: count the pulls of each arm. During exploration, every arm is pulled exactly m
times. During the remaining T'— Km rounds, only @ is pulled. Consequently, for every arm 4,

Ni(T) =m + (T — Km)1{a = i}.

The selected arm is random, but the length of each phase is deterministic. Taking expectations
therefore yields
E[N,(T)] = m+ (T — Km)P(a = i).

Substitute this expression into the regret decomposition of Proposition 1:

K
Ry =Y AE[N(T))
=1

K
=mY Aj+(T—Km) Y AP@a=i).
=1 :A;>0

This proves the exact identity in Equation (4.1). The first term is the exploration cost. In
the second term, choosing arm 4 incurs gap A; for each of the T'— K'm commitment rounds.
Optimal arms have zero gap, so they contribute nothing to that sum.

Step 2: relate a wrong commitment to a wrong comparison. Fix a suboptimal arm
1, with A; > 0. By the definition of @, selecting ¢ requires its empirical mean to be at least as
large as that of every other arm. In particular,

{a = Z} - {ﬁi,m > ﬁa*,m}'

Only this implication is needed: beating a* is necessary for i to be selected, even though it
need not be sufficient. The non-strict inequality also covers empirical ties, regardless of the
tie-breaking rule. Rewriting the comparison around the true means gives

ﬂi,m > ﬂa*,m — (ﬂz,m - /M) - (ﬂa*,m - N*) > Az
Thus the combined estimation errors must overcome the true gap.

Each empirical mean uses exactly m independent observations, and the samples of the two
arms are independent. We can therefore apply Corollary 2 to obtain

P(@ = i) < P(flim > fiar,m) < € ™A (4.4)
This bound concerns the exploration samples before conditioning on which arm is selected.

The sample size m is fixed, which is why the concentration result applies directly.
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Step 3: insert the error probabilities into the regret. All coefficients in the com-
mitment cost are nonnegative. Replacing each selection probability in Equation (4.1) by its
bound in Equation (4.4) gives

K
Ry < mZAi + (T — Km) Z Aie*mA?,
i=1 i:A;>0
which is Equation (4.2). Notice that we retain the individual gaps: committing to a nearly
optimal arm is less costly than committing to a much worse arm.

Step 4: bound the probability of any wrong commitment. Exactly one arm is
selected, so the events {a = i} are disjoint. Hence

P(Az > 0) Z]P’a—z Ze‘mA?.
:;>0 1:0;>0
A probability is also at most one, giving Equation (4.3). The argument allows several optimal
arms: we compare with one fixed optimal arm, and only arms with a positive gap count
as errors. If Km = T, the commitment cost vanishes and the exploration term is already
exact. O

The first term increases linearly with m: exploration spends more time on suboptimal arms.
The second contains an error probability that decreases exponentially with m. Too little
exploration risks a costly wrong commitment; too much exploration wastes rounds after the
ranking is already reliable. An optimal arm has zero gap and contributes to neither sum.

Remark 4 (Comparison with the textbook’s constants). Chapter 6 of Lattimore and Szepesvéri
[3] treats rewards with a more general exponential-moment assumption and normalizes
them to be 1-subgaussian. Its corresponding exponential term is e~mAY/A . Our stronger
boundedness assumption, with range [0, 1], yields the constants in Equation (4.2). The
exploration—commitment tradeoff is the same.

4.3 Two arms: the role of the exploration budget

For two arms with a unique optimal arm, write A > 0 for the other arm’s gap. The bound
simplifies to , ,
Rr < mA + (T — 2m)Ae ™" < mA +TAe ™A, (4.5)

Indeed, the optimal arm has gap zero, so the sums in Theorem 2 contain only the other arm’s
contribution. Exploration pulls that suboptimal arm m times, and commitment lasts T — 2m
rounds. The final inequality uses T'— 2m < T and the nonnegativity of the remaining factors.

The horizon matters: an error probability that seems small for one decision can still be costly
if the decision is repeated for thousands of rounds.

Example 2 (Comparing exploration budgets). Let T'= 10000 and take arm means 0.6 and
0.4, so A = 0.2. The following values use the first bound in Equation (4.5):

m per arm  Exploration cost Commitment bound Total bound

50 10.00 267.96 277.96
250 50.00 0.09 50.09
1000 200.00 < 0.01 200.00

A very small budget leaves a large commitment-error term; a very large budget pays too
much for exploration. These are upper bounds, not exact regrets or simulation results. The
displayed numbers are rounded.
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If the gap were known. Suppose, hypothetically, that A were available when choosing m.

The choice T
0g
makes the comparison-error bound at most 1/7. Whenever 2m < T, it gives
logT
Ry < Oi 1 2A. (4.7)

Derivation of the oracle guarantee. The ceiling in Equation (4.6) gives both

logT logT
Z AT M= th
The first inequality controls the commitment error:
e—mAQ <e~ logT _ l TAe—mA2 <A
— T 9 i M

The second controls the exploration cost: mA < (log7T)/A+ A. Combining these two bounds
in Equation (4.5) yields

logT logT

<
Rr < A

+A+A= + 2A. O

Thus, for a fixed positive gap, a suitable budget gives logarithmic regret. If this budget does
not fit in the horizon, the general feasible-budget bound in Theorem 2 still applies, as does
the trivial bound Ry < TA.

The caveat is substantial: A depends on the unknown means. This is an oracle tuning rule,
not an implementable rule for an ordinary unknown instance. It describes what the analysis
suggests when the difficulty of the comparison is known in advance.

4.4 A budget that does not require knowing the gap

For two bounded arms, A < 1. A gap-independent consequence of Equation (4.5) is

Rr<m+ T
m M
= \V2em

To obtain this bound without knowing A, first use mA < m. For the second term in
Equation (4.5), consider f,(z) = ze™™" for z > 0. Its derivative is

(4.8)

fl(x) = e_mIZ(l — 2ma?).

It is positive before z = 1/4/2m and negative afterwards. Therefore

e B 1y 1
A < sup f(w) = i ) = e

Substituting proves Equation (4.8). The expression remains valid when A = 0, in which case
the actual regret is zero.

Corollary 3 (A gap-independent ETC guarantee). With two arms and T > 2, choose

m = min{ EJ : [TQ/ 3] } . (4.9)

This feasible budget depends only on the horizon and gives Rp = O(T2/3), uniformly over
stochastic two-arm instances with rewards in [0, 1].
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Proof. Set M = (Tz/?’] First suppose this budget fits in the horizon, so 2M < T and the
algorithm uses m = M. Since T?/3 < m < T?/3 + 1, Equation (4.8) gives

1
Rr <T?3+1+ 1+>T2/3+1.

T
V2e T3 < V2e
If 2M > T, the budget is capped at m = |T/2]. Exploration then leaves at most one
commitment round: 7' — 2m € {0,1}. Using A <1 in Equation (4.5), we obtain

RTSmA+(T—2m)AefmA2§m+1§M+1§T2/3+2.

In either case,

1
Ry < <1+)T2/3+2.
4 V2e
The constant does not depend on the gap or the reward distributions, proving the uniform

O(T?/3) guarantee. O

The T2/3 scale balances an exploration cost of order m with a worst-case commitment cost of
order T'/y/m. It is sublinear, so this simple policy learns well enough to achieve vanishing
average regret in the stochastic setting. The guarantee differs from the logarithmic bound
above: it holds without supplying the unknown gap to the algorithm.

What ETC leaves unresolved. A predetermined budget spends the same number of
samples on clearly inferior arms and on nearly tied arms. It also makes an irreversible
commitment after one exploration phase. If the estimates are already decisive, why keep
exploring? If they are still uncertain, why stop? These questions motivate algorithms that
allocate exploration using the observations, including confidence-based stopping rules and
upper confidence bounds.

Reading. For more background, see Chapters 1 and 4 of Lattimore and Szepesvari [3] for
the bandit framework and regret, Chapter 5 for concentration inequalities, and Chapter 6
for explore then commit. The preceding sections include proofs of the regret decomposition,
greedy’s linear-regret counterexample, the concentration bounds, and the ETC guarantees.
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